We demonstrate experimentally the formation and stable propagation of bound soliton pairs in a highly nonlinear photonic crystal fiber. The bound pairs occur at a particular power as the consequence of high-order soliton fission. They propagate over long distances with constant inter-soliton frequency and time separation. During propagation, the soliton self-frequency shift causes the central frequency of the pairs to move towards longer wavelength. The formation and characteristics of the bound soliton pairs are confirmed numerically. We believe this to be the first experimental observation of such bound soliton pairs. 
Introduction
The propagation of solitons in optical fibers has been much studied over the last three decades [1] [2] [3] [4] . Potential applications in optical telecommunications and nonlinear optical switching have created strong interest in the different nonlinear effects that arise between interacting solitons [5] [6] [7] [8] [9] [10] [11] . It has been shown that the forces acting between two adjacent ps solitons are driven mostly by the Kerr nonlinearity and depend on the initial time separation and relative phase -the forces decrease exponentially with time delay. In-phase solitons show attractive forces, while a relative phase of π causes soliton repulsion [6] . The interaction of solitons with different optical frequencies is more complicated and depends on the frequency separation, time delay and initial pulse energy [7] . For fs solitons, higher-order dispersion and Raman scattering strongly affect the propagation. The solitons shift towards longer wavelengths as a result of the Raman-induced soliton self-frequency shift (SSFS) [12] [13] [14] . The magnitude of the SSFS ω R can be determined by the equation [14] , where z is the propagation distance, T 0 is the soliton width and 2 ( ) z β is the GVD parameter. However, this expression is valid only when the pulse duration is longer than the period of molecular oscillations in silica glass, or about 75 fs [15] . For shorter pulses the SSFS depends inversely on the soliton width T 0 . At the same time, higher-order dispersion and Raman gain cause fission of higher order solitons, which break up into several red-shifting fundamental solitons [16] [17] [18] . Colliding solitons can also exchange energy through inter-pulse Raman scattering, which plays, at the same time, a mainly repulsive role in the collision. However, the energy transfer rate between the two adjacent solitons is also dependent on their temporal and spectral spacing as well as their relative intensities [8, 9] . Thus, under particular circumstances a pair of solitons can form a bound state, which can propagate over long distances without changes in its profile, even in the presence of the Raman effect [19] .
The development of highly nonlinear photonic crystal fibres (PCFs) [20] [21] [22] , where the mode fields are tightly confined to an extremely small core and the dispersion can be tailored so as to allow convenient generation and study of solitons, has enabled researchers to investigate soliton interactions in many different nonlinear regimes [23] [24] [25] [26] [27] [28] .
In this paper we demonstrate experimentally, for the first time to our knowledge, the formation of bound pairs of solitons in highly nonlinear PCF. The pairs are generated by break-up of higher order solitons, and each member of each pair experiences a different SSFS, leading to a decrease in the temporal and spectral spacing between the soliton pair as the input power increases. This eventually results in the formation of a trapped pair of solitons when the spacing becomes sufficiently small. We observe that the trapped soliton pair continues to propagate along the PCF with constant frequency spacing and time delay, while the central frequency of the pair shifts to lower frequencies due to the SSFS. We also present the results of numerical calculations that confirm the experimental observations.
Experimental results
The experimental setup is shown in Fig. 1 . The pulsed laser source was a commercial modelocked Ti:sapphire laser (Coherent Mira 900D) operating at 800 nm with a repetition rate of 76 MHz, an average power of 532 mW, pulse energies of up to 7nJ and FWHM pulse durations of 110 fs. The peak power for the laser pulses (assuming a sech 2 pulse shape) was ~56 kW. The laser light was coupled into the PCF using a 60x focusing objective, with launch efficiencies of up to 45%. In order to maximize the launch efficiency, a telescope was placed before the coupling objective to adjust the laser beam diameter to the aperture of the focusing lens. The linear laser polarization at the input was aligned parallel to the birefringent fiber axes using a half-wave plate. For measurements of the polarized spectra at the fiber output, a Glan polarization prism was placed at the end of the fiber after the collimating objective. The spectra were measured using an optical spectrum analyser. A graded reflecting filter was used to control the input power into the fibre. In the experiments we used a silica glass PCF with the group velocity dispersion (GVD) profile shown in Fig. 2 . The GVD was measured experimentally using white-light interferometry. The zero dispersion wavelength occurs at 707 nm and the pump laser wavelength lies within the region of anomalous dispersion. The diameter of the fiber core (~1.5 µm), the pitch (~2.75), diameter of air holes (~2.7 µm) and width of the silica webs between holes (~50 nm) were estimated from a scanning electron micrograph of the crosssection (see the inset in 
Moreover, despite the apparently round core and symmetrical structure, the PCF displayed weak birefringence, caused perhaps by residual stress.
The Fig. 3 shows the polarized spectra at the output of a fiber of length 44 cm, measured as a function of input power. For the data presented in Fig. 3 (A) the excitation and measurement was performed with polarization parallel to the slow axis, while for the spectra in the Fig. 3 (B) the polarization of the input pulses and polarizer at the output of the fiber were aligned parallel to the fast axis. Increasing the input power leads to the generation of several spectral bands, red-shifted from the 800 nm pump, and associated with solitons caused by higher order soliton fission and subsequent SSFS to longer wavelengths [23] . The frequency shift of the solitons is a nonlinear function of power; as a result the 1 st and 2 nd soliton curves approach each other until the frequency spacing between them reaches a minimum at 180 mW ( Fig. 3(A) ). Small changes in power at this point cause spectral instabilities and soliton overlap. At still higher power the solitons separate spectrally once again. A similar joining of spectral bands is also observed for the 3 rd and 4 th solitons, which shift together towards longer wavelength until at 100 mW they split into two distinct solitons. In general, the spectral behaviour of solitons excited with polarization parallel to the fast axis ( Fig. 3(B) ) is very similar to excitation parallel to the slow axis ( Fig. 3(A) ). However, in the former case the spectral overlap of the solitons (top right-hand corner of Fig. 3(B) ) is accompanied by polarization switching between fast and slow axes. Apparently, interaction between different polarization components causes subtle but important differences in the measured spectra. To avoid additional polarization effects we consider here only excitation of the slow axis. Figure 4 shows the dependence of the spectra at the output from the 15 m fiber as a function of the input power. As can be seen, the behaviour of the solitons with increasing power is quite similar to that shown in Fig. 3 for the 44 cm fiber: the spectral bands of the 1 st and 2 nd solitons shift towards long wavelength (via SSFS) and approach each other until the frequency spacing between them reaches a minimum at approximately 180 mW. At the same time, the 3 rd and 4 th solitons overlap spectrally in the power range between 100 and 130 mW, which is in quite good agreement with the data shown in Fig. 3 . The input power of about 180 mW corresponds in our experiment to an 8.5 kW peak pulse power in the fiber and the maximum soliton number for this power is N=12.2. Moreover, the power dependences measured during cut-back experiments always indicated overlapping of the spectral bands of the 1 st and 2 nd solitons close to 180 mW of input power for all fiber lengths between 44 cm and 15 m. This indicates that for the input power of 180 mW the fission of higher order solitons results in a pair of solitons, which propagate in the fiber with closely spaced frequencies. In order to prove this conclusively we studied the spectra as a function of the fiber length.
The evolution of the spectrum with propagation distance is shown in Fig. 5 . The input power (kept constant throughout) corresponds to the case of minimum inter-soliton spectral spacing near to 180 mW. As can be seen in Fig. 5(A) , laser pulses at 800 nm launched into the Fig. 6 . A typical spectrum at the output of the fiber and corresponding FROG spectrograph. The wavelength scale in spectrogram is not recalculated and presents the spectra of the output signal due to the frequency-doubling in the FROG. The white arrows indicate spectral components responsible for the sum frequency peaks.
fiber broaden spectrally and the center of the spectrum shifts to 860 nm within the first 5 cm of propagation (i.e., about one quarter of the dispersion length L D ≈17.9 cm), indicating the effects of SPM and intra-pulse Raman scattering. Subsequent pulse propagation along the fiber results in the formation of an additional pulse at 930 nm, which transforms later into a pair of adjacent solitons. The mean frequency of the soliton pair shifts steadily towards longer wavelengths due to the SSFS. At the same time, the spectral spacing between them remains almost constant even after 15 m (Fig. 5(B) ). On the other hand, the fiber attenuation causes energy loss, leading to spectral narrowing and temporal broadening of the solitons as they propagate (Fig. 5(B) ). The losses are related to the strong OH absorption band at 1.4 µm [29] . This in turn restricts the SSFS and explains the strong narrowing and damping of the solitons near 1.4 µm (Fig. 5(B) ). We conclude that losses and changes in the soliton parameters cause the observed small decrease of inter-soliton spectral spacing in 15 m fiber, as compared to the spectral spacing in the 1 m fiber (Fig. 5(B) ).
Using second-harmonic frequency-resolved optical gating (SH FROG) [30] , it is possible to check that the spectrally overlapping solitons co-propagate in time. The time delay between two solitons of different color travelling at different group velocities can be estimated from the sum-frequency (SF) peaks occurring between the center frequencies of the two solitons. In Fig. 6 (A) a typical output spectrum is shown, with pump light at 800 nm and two red shifted solitons at 870 nm and 943 nm. The corresponding SHG FROG spectrograph can be seen in Fig. 6(B) . The second harmonic (SH) signals from each spectral component appear in the middle of the spectrograph (shown as dashed line). All spots above and below the line are the result of SF generation between the pump laser pulse and the two solitons. The corresponding SF components are shown by arrows. The delay between two different pulses can be estimated from the time between SF components and SH signals of corresponding pulses (Fig.  6(A) ).
The FROG spectrographs of the soliton pair, measured for different lengths of fiber, are presented in Figs. 7 and 8 as a function of the input power. In Fig. 7(A) a soliton pair appears in 70 cm fiber. The spectral spacing between the solitons (~50 nm) is defined by the input power and corresponds in Fig. 3 to the point close to soliton overlap (at a power of ~180 mW). The delay between the solitons is ~3 ps. With increasing power the frequencies of the solitons approach each other (Fig. 7(B-D) ), which agrees with the spectra presented in Fig. 3 . At the same time, the delay between the SF component and SH signal from the soliton pair decreases, indicating a reduction in the delay between the solitons. If the frequency shift is a minimum, the delay is ~400 fs (Fig. 7(D) ). A further increase in the power leads to the collision of the solitons in time and frequency, resulting in strong temporal beats in the SH signal -the signature of a strong nonlinear interaction. A similar FROG trace was measured for a fiber of length 150 cm (Fig. 8) . If the spectral spacing between solitons is ~40 nm (Fig.  8(A) ) the solitons co-propagate with a delay ~4 ps. With increasing power, the solitons approach each other in frequency and time. At the moment when the solitons have minimum spectral spacing at 180 mW of launched power, the time delay between them is reduced to 400 fs (Fig. 8(C) ), just as in Fig. 7(D) . Further increase in power leads to strong instabilities in the FROG signal, indicating the presence of strong nonlinear interactions between the solitons during the collision. The same behavior has also been observed in 15 m of fiber, where however the soliton pair appears close to 1400 nm, i.e., at the detection limit of the FROG device. Thus, the SH and SF signals were very weak and noisy, but the general behavior was the same as for shorter lengths of fiber.
These results suggest that once the correct launch conditions (pulse energy and duration) Fig. 8 . FROG spectrographs of the soliton pair in 150 cm fiber for different power levels. The input power is increasing stepwise from image A to image C. The image C corresponds to an input power of 180 mW in Fig. 3 . are met, a bound soliton pair forms almost immediately and propagates over long distances along the fiber while preserving its inter-soliton spectral and temporal spacing.
Theoretical results and discussion
In order to better understand the observed behaviour we have solved the generalized nonlinear Schrödinger equation (GNLSE), which governs the evolution of ultrashort pulses in optical fibers [31, 32] :
where ( , ) A z τ is the slowly varying envelope of the pulse, τ is time in a reference frame propagating with the group velocity v g of the input pulse, n n n o β β ω = ∂ /∂ represents the coefficients in the Taylor expansion of the propagation constant expanded around the carrier frequency ω o , α is power attenuation, γ is the nonlinear parameter of the fiber and ( ) R t is the Raman response function defined by:
where
Expression (2) takes into account both the instantaneous electronic and the delayed molecular response of fused silica, and following a recent paper includes both isotropic and anisotropic Raman responses [33] .The characteristic times are τ 1 = 12. [32, 33] . The GNLSE was solved using the symmetrized split-step Fourier transform method (SSFM) [31] . Since in all the experiments reported here the light was polarised parallel to the slow axis of the fiber, the GNLSE in its full vector form was not necessary and a purely scalar approach was used. Fig. 9 . Numerical simulation of spectral evolution with increasing input average power. The laser launch efficiency is taken to be 30%. Fiber length is 44 cm. In estimating the nonlinear coefficient 2 o eff / n cA γ ω = , the effective area of the fundamental mode was approximated by the area of solid glass core. Taking the nonlinear refractive index of silica to be and the experiment are qualitatively similar. We can make use of the effect to study the spectral and temporal behaviour of a soliton pair as a function of fiber length. The results of numerical simulations are presented in Fig. 10 for three different power levels close to 150 mW, corresponding to the spectral overlap of the 2 nd and 3 rd solitons (Fig. 9) . The stable copropagation of the two solitons occurs over a narrow range of power -only a few mW. Figs. 10(A) and 10(D) show the spectral and temporal evolution of solitons in the fiber for powers lower than those needed for the formation of a bound soliton pair. Higher order soliton fission in the first few cm results in break-up of the pump pulse into several fundamental solitons, together with creation of a bound soliton pair (the 2 nd and 3 rd ). As can be seen in Fig. 10(A) , the solitons propagate over 70 cm, with their spectra overlapping. However, the time delay between them increases with distance ( Fig. 10(D) ), reaching ~1.5 ps after 60 cm of propagation ( Fig. 10(G) ). A small further increase in power results in a decrease in the time delay at the output, and the solitons co-propagate over 70 cm ( Fig. 10(E) ) with a constant ~200 fs time separation (Fig. 10(H) ). At the same time, the spectrum consists of two bands which oscillate in strength as the length of fiber increases (Fig. 10(B) ). The spectral spacing between the bands remains constant, however, and is clearly related to the time delay between the solitons.
Next the average power is set to a value above that required for spectral overlap of the solitons (Fig. 9) . Over the first 18 cm, the spectral and temporal behavior (Figs. 10(C) and 10(F)) is very similar to the two last cases. However, close to 18 cm the solitons collide and Raman scattering causes strong inter-pulse energy transfer ( Fig. 10(I) ). After collision the solitons split spectrally (Fig. 10(C) ), the soliton with lower energy propagates with almost constant frequency while the stronger one shows a more pronounced SSFS. Temporal separation of the solitons after collision is also apparent (Fig. 10(F) ), and follows from the spectral splitting.
In summary, numerical simulations and experimental measurements show very similar behaviour of the bound soliton pairs propagating along PCF. The bound soliton pairs are generated within a narrow power range (177-183 mW), and are a product of the fission of higher order solitons. The numerical model used did not include spectrally-dependent fibre losses, which in the experiment cause spectral narrowing (temporal broadening) of solitons propagating long distances in the PCF. It is clear that broadening of the interacting solitons will decrease the strength of the Raman effect, which itself causes soliton repulsion. In presence of the losses, therefore, the bound soliton pair is expected to be more stable with propagation distance.
Conclusions
The fission of higher order solitons in PCF creates a series of fundamental solitons which propagate with differing amounts of SSFS. As a result it is possible to explore the interactions between pairs of solitons without the need to launch independent solitons into the fibre. In the experiments, the temporal and spectral spacing between a soliton pair can be adjusted by changing the input power level. When the frequency spacing and temporal separation are small enough, the solitons can form a quasi-stable pair which continues to propagate along the PCF with constant frequency spacing and time delay, or collide demonstrating strong energy exchange resulting in spectral splitting and increasing time delay. Once formed, bound soliton pairs propagate over long distances in PCF without noticeable change in their temporal and spectral spacing. Numerical solutions of the GNLSE confirm these conclusions.
